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Abstract: We study chiral deformations of Af = 2 and Af = 4 supersymmetric 
gauge theories obtained by turning on tj tr interactions with <F the Af = 2 super- 
field. Using localization, we compute the deformed gauge theory partition function 
Z{f\q) and the expectation value of circular Wilson loops W on a squashed four- 
sphere. In the case of the deformed Af = 4 theory, exact formulas for Z and W are 
derived in terms of an underlying U(N) interacting matrix model replacing the free 
Gaussian model describing the Af = 4 theory. Using the AGT correspondence, the 
Tj-deformations are related to the insertions of commuting integrals of motion in the 
four-point CFT correlator and chiral correlators are expressed as r-derivatives of the 
gauge theory partition function on a finite U-background. In the so called Nekrasov- 
Shatashvili limit, the entire ring of chiral relations is extracted from the e-deformed 
Seiberg-Witten curve. As a byproduct of our analysis we show that SU( 2) gauge 
theories on rational ^-backgrounds are dual to CFT minimal models. 
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1 Introduction and summary 

Wilson loops provide some of the most interesting observables to investigate in a 
gauge theory. Many of the intrinsic features of the gauge dynamics are encoded by 
Wilson loops of specific shapes. The quark-antiquark potential in a gauge theory with 
matter can be extracted from the asymptotic fall off of a Wilson loop made of two 
straight lines. The cusp anomalous dimension of the gauge theory can be extracted 
from the behaviour of the Wilson loop near a cusp. In the context of the AdS/CFT 
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correspondence, the Wilson loop at strong coupling computes the minimal area on 
AdS of a string worldsheet ending on the loop at the AdS boundary and provides 
some of the most remarkable tests of the correspondence. 

In theories with extended supersymmetry, the natural loops to consider are those 
preserving a fraction of the supersymmetry. The supersymmetric Wilson loop typi¬ 
cally involves both the gauge field A m and its scalar superpartners <pi 



W = (tre c ) with 


( 1 . 1 ) 


Supersymmetry requires |i| = \y\. Many such solutions have been found preserving 
different fractions of the original supersymmetry [1-3]. 

In this paper we focus on circular Wilson loops for theories with AT = 2,4 
supersymmetry on a squashed S' 4 . Circular Wilson loops in Af — 4 theory were 
first considered in [4] where it was conjectured that the perturbative series for W at 
large N reduces to a simple counting of ladder diagrams. The counting of diagrams 
was extracted from a Gaussian matrix model [5]. An exact formula for W was then 
proposed in [6] by an explicit evaluation of the Gaussian matrix model partition 
function to all orders in 1/N. 

The conjectured formula for the circular Wilson loop in the A7 = 4 theory was 
later proved in [7] using localization. In that reference, the partition function of 
a general AT = 2 gauge theory on a round sphere S 4 was shown to be given by 
the integral f da\Z(a,r)\ 2 with Z(a,r) the gauge partition function on M 4 . Here 
Z is evaluated on an O-background such that e± = 62 = e are finite, so the gauge 
theory lives effectively on a non-trivial gravitational background [8, 9]. The function 
Z(a,r) was previously computed in [8, 10-14] by localization in the moduli space of 
instantons for theories with various gauge groups and matter content. On the other 
hand the expectation value of a circular Wilson loop on S 4 was shown to be given 
by the same integral with the insertion of the phase treAY inside the integral. Both 
W and Z are corrected by instantons and anti-instantons localized around the north 
and south poles of the sphere, whose contributions can be most easily accounted for 
if they come from the two different patches of which our space time is made of. The 
AT = 4 Gaussian matrix model was then recovered from the case of AT = 2* theory 
in the limit where the mass of the adjoint hypermultiplet is sent to zero. 

It is natural to ask how these results are modified when the YM action is de¬ 
formed or the spacetime is changed. An interesting spacetime to consider is that of a 
squashed sphere [15]. A motivation for considering four-dimensional gauge theories 
on squashed spheres comes from the AGT correspondence that relates the partition 
function of Af = 2 supersymmetric theories to correlators in a dual two-dimensional 
CFT with the squeezing parameter €]_/€2 parametrizing the central charge of the CFT 
[16, 17, 19]. In [18], it was proposed that the expectation value of a circular Wilson 
loop oriented along, let us say the first plane, on the squashed sphere is given by the 
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insertion of the phase tr e e i in the partition function integral. In this paper we will 
prove this formula using localization and extend it to the case of a general J\f = 2 
theory with prepotential Adass = Tj tr d* 17 . This class of gauge theories were first 
introduced in [14] and the deformed partition function Z(a,f ) was computed in [13] 
(see also [21]) and related to the generating function of Gromov-Witten invariants 
for certain complex manifolds. 

In this paper we present a ’’physical derivation” of the deformed partition func¬ 
tion based on localization and apply the results to the study of circular Wilson loops 
on squashed spheres. The crucial observation is that the circular Wilson loop C is 
nothing but the lowest component of the equivariant superfield T defining the held 
strength of a connection on the so called universal moduli space, the moduli space 
of instantons times the space time. Indeed in presence of an hi background the zero 
mode solutions to the equations of motion get deformed and the lowest component 
of T reduces to (p = p + 5^x m A rn with S^x m a rotation of the spacetime coordinates 
along the Cartan of the Lorentz group. The same combination appears on the cir¬ 
cular Wilson loop C = so the expectation value of the Wilson loop can be 

related to the fi-deformed version of the corresponding chiral correlator. Moreover 
using the fact that Wilson loops are allowed only on spheres with rational squeezing 
parameter ei/e 2 , an explicit evaluation of (p shows that (e c ) = le o “ V so all in- 
stanton corrections to C (but not to the correlator) cancel after exponentiation ! The 
same cancellation was observed in [7] for the case of the round sphere. Similarly tr 
interactions can be related to the higher component of tr A 7 , and their expectation 
values are again given by the deformed chiral correlators up to some super-volume 
factors. 

The case of the deformed A^ = 4 theory is particularly interesting. Tj-interactions 
break supersymmetry down to J\f = 2 but surprisingly the resulting theory is far 
more simpler than any other J\f = 2 theory one can think of. For instance, as we 
will see, instanton contributions to the partition function and circular Wilson loops 
can be shown to cancel in the deformed theory more in the same way than in the 
maximally supersymmetric theory. As a consequence the gauge partition function 
and the expectation values of circular Wilson loops are described by an effective 
interacting matrix model. More precisely, the Wilson loop is given by the integral 

(tre c > = 4 [ d N (1.2) 

Z Jr 

with A (a) the Vandermonde U ( N ) determinant and V (r, a) a potential codifying the 
Tj-interactions. The matrix model integral effectively counts the number of Feynman 
diagrams with propagators ending on the Wilson loop, and internal J-point vertices 
weighted by Tj. The case with only quartic interactions will be worked out in full 
details. A formula for W at large N but exact in q Y m will be derived in this case. 
This formula provides a simple prediction S — \nW ~ \/%ff f° r the minimal area 
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of a string worldsheet on the gravity dual theory as a function of a 74 -dependent 
effective t’Hooft coupling A e fr- As a bonus, in this case, it will also be possible to find 
the correlators of the Wilson loop with tr <h 2 and tr <h 4 and check our results against 
those of [20] 1 

Exploiting the AGT correspondence between 4d gauge theories and 2d CFT’s, 
the chiral correlators in the gauge theory can be related to insertions of 

the integrals of motions Ij into the four-point CFT correlator computing the gauge 
theory partition function [21, 23]. The computation of such deformed correlators is 
feasible and it leads to relations which are the analogue of the chiral ring relations 
for A7 = 2 gauge theories [24] for a finite 72 background. We carry out the explicit 
computation in the 577(2) theory with four fundamentals for the simplest chiral 
correlators and show the match with the dual correlators in the Liouville theory. We 
also consider higher point correlators in the so called Nekrasov-Shatshvili limit in 
which one of the two deformation parameters of the 72 background is sent to zero. In 
this limit an e-deformed version of the Seiberg-Witten type curve is available [25, 26] 
from which we extract the full set of chiral ring relations. 

Finally, focusing on rational 72-backgrounds (those admitting Wilson loops) we 
propose a duality between certain SU{2 ) gauge theories with four fundamental hy- 
permultiplets of critical masses and minimal models (see [27-31] for previous studies 
of this duality). These critical gauge theories fall into a general class of models stud¬ 
ied in [32] where the entire instanton contributions can be explicitly resummed in 
terms of hypergeometric functions. The gauge duals of all 4-point correlators of the 
Ising models are identified and the gauge partition functions are matched against the 
dual CFT correlators. 

The paper is organised as follows: In section 2 we review the derivation of the 
deformed partition function for J\T = 2 gauge theories with adjoint or fundamental 
matter on M 4 . In section 3 we consider the gauge theory on the squashed sphere 
5 4 . We derive a localization formula for the Wilson loop in the deformed theory and 
discuss in details the case of the Af = 4 theory deformed by a quartic 74-inter action. 
In section 4 we describe the AGT duality between the chiral correlators in the SU{2) 
gauge theory and the insertions of integrals of motion in the Liouville four-point 
function. We show that chiral correlators in the gauge theory can be written in 
terms of derivatives of the gauge theory partition function and show how chiral ring 
relations can be extracted from the e-deformed Seiberg-Witten curve in the limit in 
which one of the two parameters of the 72-background is sent to zero. In section 5, we 
describe the duality between SU(2 ) gauge theories with critical masses and rational 
72-backgrounds and CFT minimal models. 


1 We thank the referee of the paper to point out this reference to us. 


4 



2 The gauge partition function on M 4 


The action of a general AT = 2 supersymmetric gauge theory on M 4 is specified by a 
single holomorphic function, the prepotential, J r c iass( < ^ ) ) of the Af = 2 vector multiplet 
superfield <L. Explicitly 


‘S'class 


1 

47r 2 


d i xd i 9 J'class($) + h.C. 


+ ... 


( 2 . 1 ) 


with (x m , 9 Q a ) denoting the super-space coordinates and the lower dots denoting cou¬ 
plings to hypermultiplets. We are interested in the Coulomb branch of the gauge 
theory where the scalar ip in the vector multiplet $ has a non-trivial vacuum expec¬ 
tation value. In this branch, only the vector multiplet prepotential is corrected by 
quantum effects. We take the classical prepotential of the general form 


for some integer p and 


p 

•^class^) = E 
J =2 


27rirj 

Jl 


tr 4> J 


( 2 . 2 ) 


$ = <p + A m 0 m + 4 F mn 9 m 9 n + ... (2.3) 

Here and in the rest of the paper we used the ’’twisted” fermionic variables 9 rn = 
ifjmaaQ^ obtained by identifying internal a and Lorenz a spinors indices. The gauge 
theory following from (2.2) can be seen as a deformation of the standard renormal- 
izable gauge theory where the gauge coupling is replaced by a function of the scalar 
held (p and the super symmetrically related couplings F A 2 and A 4 are included. The 
standard theory with prepotential Jv.i a aR (^>) = n\TtT <& 2 is recovered after setting t j>2 
to zero. 

We will refer to the partition function Z (r, q) as the “deformed partition func¬ 
tion”. There are two main contributions to the partition function Z one _i oop and 
Z tree+inst (r, q) coming from the fluctuations of the gauge theory fields around the 
trivial and the instanton vacua. We notice that only the latter one depends on the 
couplings Tj since Z one _i oop is given by a one-loop vacuum amplitude. On the other 
hand Z tree+ - mst {T, q) can be written in terms of an integral over the instanton moduli 
space that can be computed with the help of localization. We start by reviewing the 
construction of the instanton moduli space and introducing the basic ingredient for 
localization: the equivariant supercharge Q g and the equivariant vector superfield T. 
For concreteness we focus on conformal gauge theories with gauge group U(N) and 
fundamental or adjoint matter. 


2.1 The instanton moduli space and the equivariant charge 

The moduli space of instanton solutions can be packed into a bosonic-fermionic pair 
of [N + 2k\ x 2k matrices Ao,Ad characterizing the instanton gauge connection and 
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the gaugino zero modes. The instanton gauge connection is built out of the ADHM 
matrix A = A 0 + with b rn a constant and moduli independent matrix. The 

matrices A, Ad satisfy the super-ADHM constraints 

AA~1 [2]x[2] AM + M A = 0 (2.4) 

The ADHM constraints (2.4) together with the obvious U(k) symmetry of the con¬ 
struction lead to 4k 2 bosonic and fermionic relations for the 4 kN + 4k 2 bosonic 
and fermionic degrees of freedom in Ao, M leaving a 4AW-dimensional superspace 
.Fundamental hypermultiplets contribute an extra [kxNf] matrix /C of fermionic 
moduli that can be conveniently paired with the auxiliary field h in the same rep¬ 
resentation. The instanton connection can be written in terms of the [N+2k]x [N] 
matrix U defined by 


AU = UA = 0 UU = 1 (2.5) 

and reads 

A m = Ud m U (2.6) 

To localize the integral one first introduces the equivariant charge on Wl x C 2 , 

— Q + d + (2.7) 

with d = dx m d m the exterior differential on C 2 , Q a supersymmetry component 
acting on the moduli space via 


QA = M 

QM = 0 


QIC = h 

Q h = 0 

(2.8) 

and ?£ a contraction defined by 



%(. dx m = 6^x m 

dwii = d^yyii 

(2.9) 


with <5g an element of the symmetry group <S'0(4) x U(k) x U(N ) x U(Nf) rotating 
moduli and spacetime coordinates. The combined action can then be written as 

Q^A = M + dA QjA = <5 S A 

Q i K = h Q|/C = <VC (2.10) 

We notice that Q\ — so Q | is nilpotent at the fixed points of 5%. The charge Q% 
can be thought of as an equivariant version of the supersymmetry charge. The second 
ingredient for localization, is the construction of an equivariant field J 7 defined by 

J r = Qt(UQtU) + [UQtU,UQtU] = <p + A + F (2.11) 
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with 


q> = u 5^u + qu qu + [t/gt/, c/gc/] 

A = WitJQU) 

F = V(UdU ) (2.12) 


the 0, 1 and 2-form parts of T on C 2 and V = d + [A, .]. We notice that at finite e’s 
the field (p involves a non-trivial linear combination of the scalar p and the vector 
field A m components. Indeed, recalling that 5% rotates both the instanton moduli 
and the spacetime variables x m one can write [33] 

<p = U 5f od U + QUQU+ [UQU, UQU} + 5^x m A m = p + 5^x m A m (2.13) 


In the limit ec to zero, 5^x m —> 0, p reduces to p and the equivariant correlator 
computes the scalar correlators of the gauge theory on M 4 . In this paper, we are 
interested on gauge theories living on a non-trivial O-background so we keep ei,e 2 
finite and the supersymmetric operators are built out of (p rather than p. 

It is important to notice that T coincides with the AT = 2 vector superfield <f> 
(2.3) after replacing 9 m by dx m and evaluating the fields on the instanton background. 
Indeed, one can check that higher 0-terms in (2.3) cancel on the instanton solution. 
The field T can then be viewed as the equivariant version of the M = 2 superfield 
<f>. Moreover 

Q^=(8z + 5 gmge )(UQzU) (2.14) 


i.e. J- is Q^-invariant up to a symmetry rotation. This implies that any invariant 
function made out of T is Q^-closed. In particular the Yang-Mills action (2.2) in the 
instanton background can be written in the explicit (^-invariant form 

v ■ n 




(2.15) 


2.2 The deformed gauge partition function 


The gauge partition function on M 4 can be written as the product of the one-loop, 
tree level and instanton contributions 


Z ( T) — Z one — i 00 p ^i ns t_|_tree('T ) 
The one-loop partition function Z one _i oop is given by 


J one—loop 


yg&uge ^matter 
^one—loop ^one—loop 


with [17, 32] 


N 


zi‘S„„p = n nK-r'uK.. +1 


-1 


U< V 


= I nt.-m-«) adj. 

one-loop \ I [ ;) _! fpi'o,; - m„)r 2 (<i„ - m„ +N + c) fund. 


(2.16) 

(2.17) 


(2.18) 
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Here T 2 (x) is the Barnes double gamma function 2 * and e = + e 2 . 

The instanton partition function is defined by the moduli space integral 

OO « 

Z inst+ tree(r) = e~ s ^ (2.20) 

k =0 ' 


with the integral running over the instanton moduli space for a given k. The action 
S'inst and the integral over the instanton moduli spaces can be evaluated with the 
help of localization. According to the localization theorem, given an equivariant 
derivative Q £, and an action 5^ = Qj on a space M, the integral of any Q^-closed 
equivariant form a is given by the localization formula [12] 



. . U 


E «o 
det(L 

x 0 s 


( 2 . 21 ) 


with D the complex dimension of the space M, Xq labelling the fixed points of 5% 
and a 0 the 0-form part, with respect to the equivariant Q-grading, of a. To evaluate 
S'inst (t ? ), we take M = C 2 , a = YYjL 2 ^' an d a rotation in the Cartan of the 

SO(4) Lorentz group acting as zt — > e l€l ze on the complex coordinates of C 2 . The 
unique fixed point of this action is the origin and the localization formula leads to 


S'inst. ( t ) 


V 


i T.J 


( 2 . 22 ) 


To perform the integral over the instanton moduli space we take a = e~ 5inst ^ and 8^ 
an element of the Cartan subgroup of the symmetry group U(N ) x U(Nf ) xU(k) x 
S'0(4). We parametrize the Cartan element by a u ,rrii,xi,£ i, 2 - More precisely, a u 
parametrizes the eigenvalues of the vacuum expectation value matrix ((f), rrii the 
masses of the fundamental or adjoint fields, \i th e Cartan of U(k) and ei. 2 are 
Lorentz breaking parameters that deform the M 4 spacetime geometry. For a gauge 
theory on flat space ei )2 should be sent to zero at the end of the computation. For 
finite e’s the integral describes the partition function on a non-trivial gravitational 
background, the so called H-bakcground. Fixed points of 5 £ are again isolated and 
are in one-to-one correspondence with N-tuples of Young tableaux Y = (Y x ,... Y N ) 
with a total number of k boxes. The Young tableaux Y specify the U(k) Cartan 
elements \i- Explicitly 


X(i,j) = a u + (i- l)ei + (j - l)e 2 (i,j) G Y u 


(2.23) 


2 The Barnes double gamma function can be thought of as a regularization of the infinite product 

(for ei > 0, e 2 > 0) 


r 2 (aO = n 

i,j=0 


A 


x + ie i + je 2 


( 2 . 19 ) 






In our conventions ei, 62 are pure real numbers. From (2.21) one finds for the moduli 
space integral 

Z inst+ tree(r) = ^ Zy e~ s ^ (2.24) 

with Z Y the inverse determinant of 8^ and Sy{t ) the 0 -form of the instanton action 
(2.22) evaluated at the fixed point. For Z Y one finds [11, 12, 32] 


Zy — 


det 8c 


Y 


_ ryg&uge ^matter 

- Zjy Zj y 


(2.25) 


with 



N 



r^gauge _ 

n Z YutY Ja uv y ] 

U,V 



ry matter 

z y — 

f Huv Z Yu,Yv( a uv+m) 

rin,«=i Zq)y v (rh u a v ) Z Yut d(a u m„_|_jv) 

adjoint 

fund 

(2.26) 


Zy u ,r v ( x ) = n (- ei ( kv i - *) + e 2 (1 + K.% - j)) 

{i,j)£Y u 

x (x + 6 i(l + k uj -i)-e 2 ( kvi - j )) (2.27) 

(iJ)eY v 


Here (i , j ) run over rows and columns respectively of the given Young tableaux, {k U j} 
and { k U i } are positive integers giving the length of the rows and columns respectively 
of the tableau Y u . We remark that (2.18) and (2.26) are not symmetric under the 
exchange of fundamental m* and anti-fundamental masses fhj but a totally symmetric 
form under the exchange fhi O fhj can be obtained by replacing 


I^U+N l^u+N + e 


(2.28) 


Finally, the contribution of the deformed Yang-Mill action at the fixed point Y 
reduces to 


27ri Tj _j I 27ri ^ tj 


S y (t) = — YlT tr ^» IF 


€l£2 “ J\ 


Y~Oj 


Y 


(2.29) 


with tfo — U 8^U the zero form of the equivariant superfield J- and Oj yY the chiral 
primary operator evaluated at the fixed point. To evaluate Oj. Y , one first notices 
that for a A specified by the Young tableaux data Y one can find infinitely many 
solutions to the defining equation AU = 0. The ^-eigenvalue of i s given 
by X(k,i) = a u + (k — l)ei + e 2 (l — 1) with (fc,/) ^ Y u [33]. Summing over ( k,l ) one 
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finds for the generating function of the chiral operators [14, 33]. 


tr e 


N N / 

z<Po | _ V E E £ z X(k,l) — p? EE e z X(k,l) g^X(fe 

u =1 ( k,l)0u u=l \ k,l k,leY u 


, l ) 


^ ( e 2a “ - (l-e* £l )(l-e Z£2 ) J] 

(ij)eyu 


(2.30) 


where we have included the normalization factor V = (1 — e 2ei )(l — e 262 ) in order 
to reproduce the classical result (e 2¥, ) c i ass = tre 2a . Expanding both sides of (2.30) in 
powers of z one finds 


oj.y = E 

U 



r. +(x(*j )+ e ) j 

(ij)eYu 


For the first few values of J one finds 


U(ij) + e i) J 


(X(i,j) + e 2 ) 



(2.31) 


0 2 ,y = tra 2 — 2 k e 2 

N 

O's.y = tra 3 — 3 6i e 2 (ei + e 2 + 2 X(i,j)) 

U=1 

N 

O^y = tra 4 — 4 ei e 2 (2e 2 + 3ei e 2 + 2e\ + 6 e X(i,j) + 6 X(i,j)) (2.32) 

u=l ( i,j)GY u 

The deformed partition functions can then be written as 

Z inst+tiee (f) = ^ Z y(t) = ^ Z Y exp (~^r ^2 j\ Ojy j (2.33) 

Y Y \ flf2 J= 2 / 

with Ojy given by (2.31). The gauge prepotential is then identihed with the 
free energy associated to the deformed instanton partition function 


^eff(f) = -eie 2 hi Z(t) 


(2.34) 


We notice that the deformed partition function (2.16) and the prepotential (2.34) 
reduce to the partition function and prepotential of the undeformed Af = 2 gauge 
theory if we take rj >2 = 0. Indeed using (2.32) for J = 2 one finds 

Z(tj = rhj j2 ) = e £ V 2 Z oneloop ^2 Zy q l 1 (2.35) 

Y 


with q = e 2mr and 
function and Z inst 


r < 


tree 


= e o e 2 the tree level contribution to the partition 
= Er 'Zj'y q\ ^ the instanton part. 
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2.3 Chiral correlators 


In presence of a non-trivial fl-background, the e-deformed chiral correlator (tr<^ J (a;)) 
provides a simple class of supersymmetric observables of the gauge theory. Supersym¬ 
metric Ward identities show that these correlators are independent of the position 
x. 

It is easy to see that the chiral correlators can be extracted from the deformed 
partition function. To this aim, we first introduce the (^-invariant volume form 

«4 = dz\ dz\ dz2 dz2 — i(ei\zi\ 2 dz2dz2 + 62^2^ dz\dz\) — eiC2 z\ z\ Z2 Z2 (2.36) 

and write the chiral operator in the equivariant form 

J d 4 xtrif J = j a.\ A tr T J (2.37) 

Using the localization formula (2.21) one finds for the normalized chiral correlator 

<t r y> = (Jc 7 a ; A tr ^ J> = V Zr(f) 0j , Y (2.38) 

\J C 2< ^4/ ^inst+tree y 

or equivalently from (2.33) 

l<tr^> = ^ TJ lnZ(r) (2.39) 

Formula (2.39) generalizes the so called Matone relation that relates (tr^ 2 ) to the 
r-derivative of the prepotential in the undeformed theory in flat space. On the other 
hand, it shows that one can view the deformed partition function as the generating 
functional of the general multi-trace chiral correlators 

(tr (p Jl tr (p J2 . . ■)undeformed (2.40) 

in the undeformed theory. 

3 The gauge theory on S A 

The gauge partition function on S 4 is given by the integral [7] 

ZAt) Cld CL | Z one _ loop(®) ^tree+inst ifl > ^") I (3-1) 

with d N a = Yi u da u 3 and c a normalization constant. The integral runs along the 
imaginary axis. The partition functions Z one _i oop and Z inst are given by (2.18) and 
(2.26) with vevs and masses taken in the domains 

a u =G iM m, ee € M m u = - + iM fh u = — - + iM. (3.2) 

3 Notice that in our conventions the Vandermonde determinant is reabsorbed into the one-loop 

determinant Z one _ioop- 
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These domains are chosen such that complex conjugate of the one-loop partition 
function (2.18) is given by the same formula with T 2 (x) replaced by T 2 (e — x). We 
adopt units where eie 2 = 1 and write ei = 1 = 6. In these units the one-loop 

partition function becomes 


I vgauge 
I ^ one—loop 


2 


| ^matter |2 
I ^one—loop I 


N 

JjT(a„„)T(-a ut) ) 

U<V 


Yla,v T ( a uv-m) 1 

nt=i T ( a « - fh u y l T{m v+N 


adj. 

a u )~ l fund. 


(3.3) 


with 

T (^) = r ( \J Mr )j - 1 -d TV ( 3 - 4 ) 

To {x\b, S )T 2 (6 +6- x|6, j) 

T is an entire function satisfying T (x) = T(e — x). It has an infinite number of single 
zeros at x = —mb — n/b and x = {m + 1)6 + ( n + 1)6 for m, n > 0 integers. Finally 
the normalization c has been fixed for later convenience to be 1 


c = 


Q 


\ m 3 (m 3 +e)+1 rri4 (m 4 +e) 


(3.5) 


3.1 Wilson loops 

A supersymmetric Wilson loop is defined by the line integral 


C — if (A m x m + |x| ipi)ds (3.6) 

Jo 


with ipi = — Y) and A m taken to be anti-hermitian matrices. We use complex 

coordinates x m = (zi, z 2 , Zi, z 2 ) and consider a circular Wilson loop defined by the 
path 

z t (s) = ne^ s (3.7) 


with 


L = 


27mi 27rn 2 


(3,8) 


ei ti 

The condition (3.8) ensures that the path is closed and it can be satisfied if and only 
if the ratio ei/e 2 is rational. Moreover, taking r 12 satisfying 


x 


2 


e i I r i 1 2 + e 21 r 2 1 2 = 1 


(3.9) 


one finds 

x m = (ie 1 z 1 ,ie 2 Z2, —ieizi, -ie 2 7 2 ) = S^x m (3.10) 

4 This normalization is chosen in such a way that the partition function and its AGT dual 
correlator precisely match. 
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and the Wilson loop can be written in the suggestive form 


C — if {A m 5^x m + ipi) ds 

Jo 


<p(s)ds + h.c. 


(3.11) 


The appearance of the combination (p in the Wilson loop is not surprising, since 
this is the supersymmetric (equivariant) version of the vector held one form A. The 
evaluation of the Wilson loop expectation value can then be performed again with 
the help of localization by inserting in the partition function the operator tre c . We 
notice that the 0-form part Co = ipo — i U5^U is anti-hermitian and that correlators 
of yi(s) do not depend on s, so the Wilson loop operator on the instanton background 
Y reduces to 



tr e iL ^° 


Y 



2-7ri 

e o 




(3.12) 


u 


In deriving this relation we used (2.30) evaluated at z — 271 e 1 " 1 . Remarkably, for 
this special value of z, the whole dependence of C on the instanton configuration Y 
cancels upon exponentiation! The expectation value of the Wilson loop is then given 
by the simple formula 


(tre c ) 54 = — / d N a tre 


27 rin^ a 


| ^one—loop(®) ^tree+inst (o, 


T 


(3.13) 


For the undeformed theory, formula (3.13) was proposed and motivated in [18] as 
the generalization of the more familiar result on the round sphere to the case of a 
squashed sphere with a Wilson loop oriented along the Zi-plane. This loop corre¬ 
sponds to the choice r 2 = 0 in (3.7). Our result provides a proof of that formula 
and a generalisation to the case of AT = 2 theories with a classical prepotential of 
general type. We notice that Tj-corrections to the Wilson loop expectation value are 
computed by the insertions of chiral operators in the Wilson loop correlator, so that 
the expectation values of the Wilson loop in the deformed theory can be thought of 
as the generating function of the correlators 


(tre c tW 2 ■ ■ -^VHdef. (3-14) 

in the undeformed theory. For example, the first Tj-correction to the Wilson loop 
expectation value is computed by the correlator 

^ ( tre % = ^ ( treCtr ^ J > 5 yundef. ( 3 - 15 ) 

3.1.1 Perturbative expansion 

The correlators (3.14, 3.15) can be computed order by order in perturbation theory 
in the weak coupling regime Imr —y oo. In this limit, the integral (3.13) is dominated 
by the region where a is small. Expanding the integrand in (3.13) in powers of a, 
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one can compute each term in the expansion in terms of a correlator in an effective 
matrix model. Using T(x) ~ x for x small, and the fact that instanton corrections 
are suppressed in this limit one finds 

|-^oneloop| 2 ~ A (a) = a uv + • • • ■Z'inst = 1 + • • • (3.16) 

u<v 

Plugging (3.16) into (3.15) one finds, for the leading rj-correction to the Wilson loop 
expectation value at weak coupling, the result 

7 ^-(tre c ) 4 = -— [ d N a A(a) e e u 2 Imrtra tra J tra 2 + ... (3-17) 

OTj b e x e 2 j\ i 7 

Similarly, higher order corrections in perturbation theory are given by Gaussian 
matrix model integrals of type (3.17) involving higher order monomials in a. A 
direct test of these formulae by an explicit Feynman diagram computation would be 
very welcome. 

3.2 The U = A deformed theory 

In this section we consider the effect of turning on Tj-interactions on the simplest the¬ 
ory at our disposal: the Af = 4 theory. Tj-deformations break AT = 4 supersymmetry 
down to AT = 2 by including self-interactions for one of the three chiral multiplets. 
The resulting theory is surprisingly simple and, as we will see, it exhibits a perfect 
cancellation of instanton contributions to the gauge partition function. This is in 
contrast with the case of A^ = 2* theory where the Af = 4 symmetry is broken by 
giving mass to the adjoint hypermultiplet spoiling the balance between the instanton 
corrections coming from gauge and matter multiplets. 

As in the undeformed case, the Af = 4 deformed theory will be defined as a the 
limit of the Af = 2* deformed theory where the mass of the adjoint hypermultiplet 
is sent to “zero” [7]. More precisely, the points where the A^ = 4 is restored will 
be identified with the zeros of the instanton partition function in the m-plane. It is 
easy to see that they are located at m — —e\ or m = —e 2 . Indeed, for any choice 
of Tj and instanton number the instanton partition function (2.26) can be seen to 
be always proportional to (m + )(m + e 2 ) with the two factors coming from the 

contributions to Z YuYu (jn) of the Young tableaux boxes (i,j) = (. k u j,k ui ) G Y u . We 
notice that these two points on the m-plane coincide in the case of the round sphere 
where e\ — e 2 — |. and the symmetric point m = — | is unique (m = 0 in the 
conventions of [7]). For concreteness here we take m = —e\. 

The one-loop partition function (2.17) also drastically simplifies at m = —e Y 
Indeed using the double Gamma function identity 

r 2 (a; + ei) r 2 (a; + e 2 ) = xV 2 {x) r 2 (a: + e) (3.18) 
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one finds 


l-^oneioopl 2 = A (a) = a uv (3.19) 

U^V 

with A (a) the Vandermonde determinant describing the U(N) measure. The gauge 
partition function reduces to the U (. N) matrix model integrals 

Z = / /aA(a)e- w(v1 (3.20) 


with the integral over a u now running along the real line and the potential defined 
by 


V(a, t) 


27ri 


p 

\ - Tj 


€ie 2 N j\ 

1 z j=2 


— tr(ia) J + h.c. 


(3.21) 


On the other hand the expectation value of a circular Wilson loop is given by 


W = 


1 

z 


d N aA(a) tr e 


27ra 

n e 


N V(a, t) 


(3.22) 


We notice that unlike in the J\f = 4 theory, in presence of rj-interactions the matrix 
model underlying the theory is no-longer Gaussian but interacting. The integrals 
(3.20) and (3.22) count now diagrams involving not only propagators but also J- 
point vertices. Luckily enough, the underlying matrix models have been extensively 
studied in the literature. In the large N limit integrals (3.20) and (3.22) have been 
explicitly evaluated by saddle point methods [5]. One defines the resolvent 


w(x) = 




(3.23) 


A simple algebra shows that w(x) defined like this satisfies a quadratic equation with 
solution 

w(x) = I fv'(x) - ] /v'(x)-4f p . 2 (x)^) (3.24) 

where f p _ 2 (x) a polynomial of order p — 2 determined by the condition that w(x) ~ ^ 
at large |x|. We notice that w(x) has a discontinuity along the cuts defined by the 
zeroes of the square root, so we can write 

iu(z±i0)= [ — 4 V'(x) ± nip(x) (3.25) 

Js x - y ± i0 - 

with S the union of the cuts and p(x) the density 

P( x ) = ^ ^ 3 ' 26 ) 

U 
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It is often enough to assume the presence of a single cut and look for w(x) in the 
form 

w(x) = \V\x) - Q p - 2 {x)y/{x - bi)(x - b 2 ) (3.27) 

with Q p - 2 (x) a polynomial of order p — 2 . Indeed the number of unknown variables 
in {Q p - 2 ( 2 :), bi, b 2 } is p + 1, matching the number of equations coming from requiring 
that w(x) ~ f for large |x| and therefore w(x) is fully determined. 

As an example, let us consider the quartic potential 

V(a) = ^-a 2 + g 4 a 4 (3.28) 


with 


2A 


Ne ie 2 _gy M Ne 1 £ 2 _ ‘±^mq 4 j , Q orA 

47r(Imr 2 ) 167T 2 4 4!7V eie 2 

Since 14(a) = I/(—a) one can take b 2 = —b\ = 2b and Q(x) = cq + c 2 x 2 in (3.27). 
Requiring w(x) ~ - for large \x\ one finds 


47rlm(r4) 


w 


with 


(x) = — (x + 4x 3 <74 A — (1 + 4 A g 4 (x 2 + 2 b 2 ))\/x 2 — 4 b 2 ^ 

y/1 + 48A ^4 - 1 


(3.30) 


b z = 


24A(^4 


(3.31) 


Plugging (3.31) into (3.30) and expanding for large x and small A one finds [5] 


1 vA / tr a 2n 
xw{x) = — 

77-— 0 


X 


2 n 


A — 8 A 3 (yf 4 + 144 A 5 g\ 2 A 2 -36 A 4 g 4 
= 1 +-^ +- 7 -—+ ... (3.32) 


x- 


x^ 


Notice that only the even powers tra 2n have a non-trivial expectation value as ex¬ 
pected for an even potential. Terms proportional to x~ 2n (— g^) k X p count the number 
of diagrams with 2 n external lines, p propagators and k four-point vertices. In Fig.l 
we show the relevant diagrams and contributions leading to (3.32). The entire sum 
can be written in the analytic form [5] 


xw(x) = 1 + EE 

n =1 k =0 

For the Wilson loop one then finds 

W = 1 y (2m ' 

N 


(— 12 ^ 74 A 2 ) fc A" (2n)! ( 2 k + n - 1)! 
x 2n n\ (n ■«- 1 )! k\ (k + n + 1 )! 


(3.33) 


n =0 


ei 


2n 


J2n 


tr 


(2ra)! 


1 + £ £ (_12 ^ A2)fc )” (2A; + n ~ 1)1 


n=l fc=0 


V%ff 


h VA 


n! (n — 1 )! k\ (k + n + 1 )! 

5 

+ 


5 + 2 


(3.34) 
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Figure 1. Diagrams contributing to the circular Wilson loops. The dashed line represents 
the T-line where Wilson loop operators C(r) are inserted. 


with 


327r 2 n 2 A 2 gy M N nin 2 

ei(S + 2) = (5 + 2) 


5= y/l + 48 g A A 2 - 1 


(3.35) 


Formula (3.34) gives the large N limit of the Wilson loop expectation value in the 
r 4 -deformed Af = 4 theory and it is exact in A e ff. When g 4 ~ 0 and ni?r 2 = 1 one 
finds the familiar J\f = 4 formula [1, 4, 6] 


„ T 2 Ii (a/Aym) , . 2 » r 

W «-— with A Y m = S'ym^ 

V Aym 

On the other hand in the limit of large A e ff with g 4 A 2 kept finite one finds 


(3.36) 


W « 


4 gVAcfi 




(3.37) 


This result provides us with a remarkable simple prediction for the AdS dual of the 
deformed theory. Indeed according to holography, in the limit of large N and A e fr, 
the area of a string world sheet on AdS ending on the loop is given by In W so one 
expects 

S = \nWfa s/Ks + ... (3.38) 

On the gravity side, a general class of solutions preserving half of the supersymmetries 
of AdS 5 x S 5 were constructed in [34], These solutions are specified by a single 
function w(x) with branch cuts in the x-plane. It is natural to identify the gravity 
dual of the deformed Af = 4 theory with the one-cut solution specified by the matrix 
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Figure 2. The left figure displays a typical diagram contributing to the correlator (Wtr</3 4 ). 
The dashed line stays for the Wilson loop. Solid lines denote gluon/scalar propagators. 
The correlator counts graphs involving a single quartic vertex interaction with all four legs 
ending on the Wilson loop. The counting discards diagrams of the type in the right figure 
where a pair of legs starting from the quartic vertex contract among themselves. 

model resolvent w(x). The minimal string world sheet area in the u’-geometry can 
be computed along the lines of [34] providing a precise test of the duality. 

3.3 Two point correlators (tre c tr tp J ) 

The expectation value of the Wilson loop in the deformed theory can be viewed 
as the generating function of correlators in the undeformed gauge theory involving 
the insertions of chiral primary operators in the Wilson loop. These correlators 
compute the expansion coefficients of chiral primary operators in the OPE of the 
circular Wilson at distances much larger than the size of the loop. In [20], correlators 
(tre c tr tp J ) computing the leading coefficients in the expansion were evaluated for the 
AT = 4 theory on M 4 . In this section we show how these results for J = 2,4 can be 
extracted from our localization formulae. 

The crucial observation in [20] is that the two point function (Amx m {x)A^x n ( y)) 
with x M (s) the ten-dimensional path along the circular loop does not depend on the 
insertion point positions. Moreover, the contributions to the correlators (tre c tr ip J ) 
coming from Feynman diagrams involving internal vertex insertions are argued to 
cancel to all orders in perturbation theory. The correlator is then effectively com¬ 
puted by a Gaussian matrix model with the insertion of a J-point vertex counting 
the number or rainbow diagrams ending on the loop with the extra J-point insertion. 
The same matrix model computes the leading rj-correction of the deformed J\f = 4 
gauge theory on S' 4 in the limit where all rf s are small. The results for the corre¬ 
lators for J = 2,4 can then be extracted from the expansion of the exact formula 
(3.34) in the limit where T 2 ~ r and r 4 cs 0 i.e. the undeformed theory. 
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In doing so, we should remember that the chiral primary operators involved in the 
correlator are traceless, so the diagrams in Fig.l and Fig. 2 with loops starting and 
ending on the same four-point vertex should be discarded. Taking = €2 = 47t 
( 3.29) reads 

A = A Y m (3.39) 

The correlators ( Wtnp J ) can be extracted from the small ^-expansion of (3.34) 

W = W 0 - 34 Wi + ... (3.40) 


with 

2/i (\/Aym) _ Aym 2Aym 1 5Aym 
a/Aym 42T + ^4T + W + '" 

12 A| m I t + 48 a| m /» (vW) = ^ ^ («1) 

The integer coefficients in the numerators of the right hand side expansions (3.41) 
count the number of diagrams with zero and one g ^-vertices in Fig.l. The insertion 
of trip 2 inside the Wilson loop correlator can be obtained from IF 0 after taking a 
derivative with respect to A. Indeed using (3.22) and (3.28) one finds 

A 

(tre c tr<^ 2 ) = 2AY M 7yr— Wq = 2 Aym h {\J Aym) (3.42) 

cMym v / 

and it agrees with the result in [20] . The result for (tre c trip A ) follows from W 1 after 
subtracting the contributions of the diagrams involving four-point vertices with self 
contracted legs. These diagrams are counted by 

o \3 ® w o\ j ( f\ A SAy M 32 Ay M , 128Ay M , /n ao\ 

YM a\^M 0 ~ ™ 2 K A ™I ~ ^2f + + + " ■ (3 - 43) 


Wo = 

Wi = 


Subtracting this contribution from W\ one finds 


(tre c trip 41 ) 


A 2 ,_ A \ 4 

a YM t I A A ^ a ym 

— 4 — ^(VAym) - Aj 2 gT 


16 Aym . 
4 3 6! 


(3.44) 


in agreement with [20]. Our derivation, based on localization, can be considered 
as a proof of the formulae derived in [20] under the assumptions that correlators 
(tre c tr<y9 J ) are not corrected by graphs involving internal vertex interactions. The 
results provide exact (to all orders in perturbation theory at large N) formulae for 
correlators involving Wilson loops and chiral primary operators generalizing the Wil¬ 
son loop results obtained in [7] using localization and in [1, 4, 6] from perturbation 
theory. 
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4 AGT duality: chiral correlators vs integrals of motion 

4.1 The CFT side 

The AGT correspondence [17] relates AT = 2 supersymmetric gauge theories in four 
dimensions to two dimensional CFTs. According to this correspondence the instan- 
ton partition function for the SU(2) gauge theory with four fundamentals is related 
to four-point correlators in Liouville theory. In this section we study the CFT side 
of the duality. In the next section we will study the gauge side of it and show that 
the chiral correlators (tnp n ) in the gauge theory are reproduced by the same four- 
point correlators in Liouville theory with the insertion of the integrals of motion I n 
introduced in [35]. 


4.1.1 The conformal field theory 

Here we follow [35]. We refer the reader to this paper for details and further refer¬ 
ences. The symmetry algebra of Liouville theory is the tensor product of a Virasoro 
and a Heisenberg algebra with commutation relations 

Q 

[F m , L n ] (777 77.) L m+n T (ffl 77l) $ m+ nfi 

TYl 

[<7 m , (7 n ] -^8m+n [f'mj ®n] 0 (4.1) 

The central charge c is parametrized by 

c = 1 + 6 Q 2 where Q = b + \ (4.2) 

b 

The primary fields V a are defined as 

K(*) = Vr-(z)V a heis (*) (4.3) 


with V™ a primary field of the Virasoro algebra with dimension A (a) = a(Q — a) 
and 

yheis^) _ e 2i(a-Q)E n<0 °^z~ n g 2ia£ n>0 (4,4) 

The commutation relations of the field V a and the generators L m , a n are 


[L m ,V a {z)\ 
[®n> fa(^)] 


V^ eis (^) (. z m+1 d z + (m + l)A(a) z m ) V?(z) 

f i (Q — a) z n V a (z) for 77 > 0 
\ —i az n V a (z) for 77 < 0 


(4.5) 


The Fock space is obtained by acting with L n , a n with n < 0 on a vacuum |0) defined 
by 

L m |0) = a„|0) = 0 for m > —1, 77 > 0 (4.6) 
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Primary states |a) and (a| are obtained by acting on the vacuum with the primary 
helds at zero and infinity respectively 

|a) = 14(0) |0) (a| = lim z 2A ( a )(0| V a (z) (4.7) 

2:—>00 

Any correlator of the composite fields 14 factorizes into the product of a Heisenberg 
and a Virasoro part. The Heisenberg part, which are just free bosons, is easy to 
compute and it reads 

/ „ \ 2a 2 (Q-a 3 ) 

(Kr(zi) V a h f (z 2 ) v£ s (z 3 ) V Q h f (z 4 )) = (l - ( 4 - 8 ) 

Consider the remaining Virasoro part of the four-point correlator 

6.Ir K a\z,) = ^ A< “ l) «vr i u^ 1 ) CW C(z 3 ) -) )>. (4-9) 

where by (( )) a we denote the four-point conformal block involving the exchange of 
a state of conformal dimension 

A = A(a) (4.10) 

and the factor zl A( ' ai ' > is included to guarantee a finite limit at z\ —> 00. The fact 
that the 4-point correlator depends non-trivially only on the cross ratio follows from 
conformal invariance, so without loss of generality we can fix three points, let us say 
Z\ = 00, Z2 = 1 and Z4 = 0 and denote the resulting function of a single variable 
z = z 3 as Q V ir(ai, a\z) or simply as Q V i r if it is clear from the context, what are 
the argument and the parameters. Derivatives d Zi of the correlator can be also 
written in terms of derivative with respect to 0 . For the choice above one finds [32] 

<9 2l £vir = 0 d Z2 g vir = (- zd z + 2 Ai - 5) g vir 

d Z3 G v ir = d z Q vir d Zi g Vir = ((z - l)d z + 5- 2Ai) G vir (4.11) 

with 8 = Aj and A* = A(o!j). Including also the contribution of the Heisenberg 
sector one finds the conformal block 

Q{oLi,a\z) = ((«i|I4 2 (1) V a3 (z) \a A )) a = (1 — z) 2a2 ^~ a3 ^g v i r (ai, a\z) (4.12) 

The “physical” correlator can be written as the integral of the modulus square of the 
conformal block (4.12) 

/ dcx 

^ 4^20 4a3Q4 (G!j, Q;| 2?) I (4.13) 

where C aia2 a are the Liouville structure constants [36, 37] 
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4.1.2 Integrals of motion 

Being an integrable system, the Liouvillc theory admits the existence of an infinite 
set of mutually commuting operators or integrals of motion. Explicitly the first three 


such integrals 

are [35] 






I 2 = L 

'o-i 

OO 

+ 2 ^ ^ k (Lk 
k= 1 






h = 

00 

E 

00 

Cl—k Lfc 2 i(5 ^ ^ k CL—k 

Qfc + | 

Z ai 

(Lj CLk 


(4.14) 

k-- 

=— oo,kj^0 k =1 


i+j-|-fc=0 




I A = 2 

E £ - 

-k Lk + Lq ~ + 6 

OO 

E 

Z L - k 

. Cli CL j 

+ 12(L 0 — 

OO 

24) ^ ^ fc 


k =1 

k= 

-—oo,k^§ 

i+j=k 



k= 1 

+6i Q 

£ 

|fc|o—fc Lk + 2(1 — 5 Q 2 

M* 

to 

(L—k (Lk 

6i Q 

Z \ k \ ai 

Q>j a k 


k=—oc,k^0 k =1 i-\-j-\-k =0 


+ / J • (Li (Lj CL]^ di . 

i+j+k+l =0 

We can insert these operators inside the four-point correlators and the corresponding 
conformal blocks. We define 


Gn (ctj, a|^) ((ail V a2 (1) In fag (^) 1Ct 4 ) ) c 


(4.15) 


To compute Q n , we can use the commutation relations (4.5) to bring creator and 
annihilator operators to the left and right sides of the correlation respectively. For 
instance 5 


g 2 = ((ai|W 2 (l) [L 0 ,V a3 (z)] |a 4 )) a + 2 ^{{^i\[V a2 (!),a_ fc ] [a k ,V a3 (z)\ |a 4 ))« + (A 4 - ±)Q 


k =1 


= (zd. + 2nz( 1 <? ~ n3> + As + A 4 - ^ - a3) b g 

\ 1 — z 1 — z 

= ( zd z + A 3 + a 4 — g 


(4.16) 


Similarly for Gs one finds 

OO 

a = iE 


k =1 


z(Q + ol 2 — 0:3) ( d z H -— j- -—- ) + (k + 1)q;2A3 + (k — 1)(Q — as)/S. 2 


-2Qa 2 (Q - as) '^ / z k + a 2 (Q - a 3 )(Q + a 2 - a 3 ) ^ z l+j 

hi —1 


k =1 


1 z 

1 - z 


[(Q + «2 - a 3 ) z<9 z + {Q- « 3 )(A 2 + A 3 + A 4 - Ai) - 2a 2 (Q - a 3 ) 2 )] G (4-17) 


5 One should be careful to take into account that the commutators [L n , V a \ produce derivatives 
only of the Virasoro part of the composite held V a . 
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Proceeding in this way one can write Q n in terms of Q and their ^-derivatives, or as 
differential operators acting on Q. We write 

Gn{c(i, a\z) = C n G(a h a\z) (4-18) 

with C n a differential operator on the variable z. For the first few terms one finds 

£2 = zdz + A 3 + A 4 — ^ (4.19) 

zz 

£3 — r- [(<5 + «2 — 0 : 3 ) z d z + (Q — a 3 )(A 2 + A 3 + A 4 — Ai) — 2a 2 (Q — q; 3 )"] 

1 — z L J 

We have also computed an analogous formula for £4, but it is too lengthy to be 

reproduced here. Instead, later we will present its gauge theory counterpart, which 

is less cumbersome (see eq. (4.26)). 


4.2 The gauge/CFT dictionary 

The AGT correspondence relates the four-point conformal block of the Liouville 
theory to the partition function of the AT = 2 supersymmetric SU ( 2 ) gauge theory 
with four fundamentals. The gauge coupling parameter q = e 2mT is identified with the 
harmonic ratio z parametrizing the positions of vertex insertions. The gauge theory 
masses m u ,rh 2+u are related to the conformal dimensions of the vertex insertions in 
the CFT. To achieve a full symmetry with respect to the exchange of the four masses 
we make the replacements m 3 —y m 3 + e, m 4 —y rh 4 + e. The vacuum expectation 
value a for the scalar field at infinity parametrizes the dimension of the exchanged 
state. The squeezing parameter 64/62 characterizing the hi gravitational background 
parametrizes the central charge of the CFT. The full dictionary is given by [17] 


oci — f + l(fhi - fh 2 ) a 2 = —\{rhi + rn 2 ) 

«3 = e + §(m 3 + ^ 4 ) ct 4 = | + 4(m 3 - m 4 ) 

a = | + a e = 64 + e 2 = Q e x = b e 2 = & _1 z = q (4.20) 


The instanton partition function of the gauge theory on M 4 is related to the conformal 
block Q(oti, a\q ) via 

q) = Q ~ a2 Z hS\a, q) = g-T - +As+A4 g(a, a h q) (4.21) 

with Zi nst ~ 1 and Q ~ g,A-A 3 -A 4 £ or sma p q Q n ^} ie 0 th er hand, the Virasoro 
conformal block is related to the SU(2) partition function via 


g vir {a,a h q) = q 


_ A —A 3 —A 4 rySU (2) 


^inst ■* ) {a,m i q)=q A As A4 (1 - q) 2 “ 2(Q a3) z ^\a,m iq ) 

(4.22) 

with the extra factor canceling the 17(1) contribution (4.8) arising from the Heisen¬ 
berg CFT field. The full four-point correlator (4.13) is then identified with the gauge 
partition function on the sphere via 


G(cti,q) = Z^ 2 \m h q) 


(4.23) 
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4.3 The gauge theory side 

It is known [21-23] that the integrals of motion (4.15) can be put in relation to 
the chiral correlators (tr</5 J ). In this section we translate (4.19) in terms of the 
gauge theory variables to find that the chiral correlators in the undeformed U( 2) 
gauge theory can be expressed in terms of q-derivatives of the partition function Z. 
This leads to chiral ring type relations valid at all-instanton orders for a finite 12- 
background. The results will be checked against a microscopic instanton computation 
and in the so called Nekrasov-Shatashvili limit, where one of the two parameters of 
the ^-background goes to zero, with the analog of the Seiberg-Witten curve obtained 
in [25, 26], 

4.3.1 Chiral relations: 61,62 finite 

The results (4.18) and (4.19) can be translated into chiral correlators using the 
identification 


(tr<^ 2 ) = —2 


&(?) 


12 


. GM 


(tr</r) = 6 i 

<t^> = 2h *m _ + 


e 2 (h 2 + e 2 ) 


(4.24) 


where 

e = 6i + e 2 h 2 = 6i6 2 

Using the AGT dictionary ( 4.20), (4.21) leads to 

2 Q d q Z 


(tnp 2 ) = —2 h 
(trip 3 ) = 


Z 

-h 2 Mi' 


3 \ — 3 9 ( u2 i\,r. c l d q z 

Z 


+ m 3 


(4.25) 


1 ~q 

(tnp 4 ) = ■ 2q [ 2 e M 3 + 2M 4 + 2 q (. M 1 M 3 - M 4 ) + h 4 q(l - q 2 )\ 

(1 -?) V z 


d 2 Z 


+h 2 [h 2 - 2q(eM 1 + M 2 ) + q 2 (-h 2 + 2 M 2 - 2M x 2 )] 


2\1 u q 


d n Z 


(4.26) 


7 — 7 U ( 2 ) yU{2) j 

Wltil Z — ^ong-ioop^inst+tree allCl 

4 4 


M\ = — rrii M 2 = miirij M 3 = 


i— 1 


i<j 


miirijjnk M 4 = mim 2 m^m/i 

i<j<k 

(4.27) 
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(4.28) 


We notice that the last two equations of (4.26) can be rewritten in the form 

( tr ^ 3 ) = (I ( tr< ^ 2 ) M i + M a) 

( tr ^ 4 ) = 2 + n 2 _ q \2 ~ c fi + + eM 0 ( tr( ^ 2 ) 

— h 2 - - qd q (trif 2 ) + —- (M 4 (l — g) + qM±M 3 + eJVh) 

1 - 9 (i - ?r 

which shows that in a hnite fl-background, chiral correlators can be written in terms 
of both (trip 2 ) and its derivatives. The chiral ring equations (4.28) generalize those 
found in [24] to the case of hnite 61,62- The relations (4.26) can be checked against 
a microscopic instanton computation. Using (2.26-2.39) one finds 

(tr ip 2 ') = 2 a 2 + —— 9 - ^ (2 a 4 + a 2 (—e M\ + 2 M 2 ) — £ M 3 + 2 M 4 ) + ... 

(tr ip 3 ) = q (3 a 2 Mi + 3 M 3 ) + ... 

(tr </3 4 ) = 2 a 4 + ^ 9 ^ ^ [2 a 2 (6 a 2 — h 2 — e 2 ) (a 2 + M 2 ) + e (6 a 2 + h 2 — 2 e 2 ) (a 2 Mi + M 3 ) 

+2 (6 a 2 -h 2 + e 2 ) M 4 ] (4.29) 

where for the sake of conciseness we have omitted higher powers in q (although we 
have carried out computations up to q 4 ). For the gauge theory partition function 
one finds 

^mst+tree = Q ^ ^1 — ^2(4^2 _ f 2) (^ 4 ^ 2 (—cM 4 + 2M 2 ) — 6 M 3 + 2 M 4 ) + . . . 

(4.30) 

The explicit form of Z one _ loop is irrelevant to our purposes since it is r independent. 

It is then not hard to get convinced that (4.29) and (4.30) satisfy the chiral ring 
relations (4.26) to order q. We have checked this up to order q 4 . 

4.3.2 Deformed Seiberg-Witten curve: h = 6162 = 0 

Chiral relations of the type of (4.26) are believed to exist for all chiral correlators but 
the explicit form of these relations becomes quickly too complicated. The situation is 
dramatically improved in the limit h —> 0, where as we will show the chiral correlators 
can be efficiently extracted from the deformed Seiberg-Witten curve governing the 
dynamics of the theory. We perform the limit keeping (tr if 2 ) or equivalently T = 

—h 2 In Z\ nst hnite. For SU(2) gauge theory with four fundamentals the deformed 
Seiberg-Witten curve is given by the difference equation [25, 26] 

-qQ(z- e) y(z) y(z - e) + (1 + q) P{z)y(z) -1 = 0 (4.31) 

with 

4 

P(z) = z 2 — u\z + «2 Q(z) = 1 + Mi z l (4.32) 

1=1 
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The chiral correlators can be extracted from the expansion at large z of 


d z log y(z) 


tr- 


<P 



(4.33) 


Writing 

OO 

y( z ) = Vi z ~ l 

i=2 

and using (4.33) one finds the chiral correlators as functions of the y^s. 


tr- 


z — <p 


2 2/3 ~vl + 2 1/4 vl ~ 3 y 3 y 4 + 3 y 5 

z z 2 z 3 z 4 

-Vs + 4 2 /g j/ 4 ~ 2yl - iy 3 y 5 + 4y 6 

1 K • • 


(4.34) 


(4.35) 


On the other hand , plugging (4.34) into the difference equation (4.31) one can solve 
for yi order by order in i in terms of xq, xt 2 . Moreover imposing ti(p = 0 requires 
x /3 = 0 and determines u\ while can be solved in terms of (tr if 2 ). The results are 


Ui 


q(M\ - 2e) 
1 + q 


u 2 


(-1 + q)(tr<p 2 ) + 2 qM 2 + 2 qe(e - Mi) 

2(1 + 9 ) 


(4.36) 


Using these relations one can relate all correlators to (tr (p 2 ) finding equations of the 
chiral ring type. Explicitly 

(tr^ 3 ) = ^T~ q {\ (tW 2 > Mi + M 3 ) 

(tw 4 ) = ^W 2 ) 2 + J\Mq )2 ( M2 ^ “ 9) + 9 M l + eMl ) ( tr( d 2 ) ( 4 - 37 ) 

+——(M 4 (l — q) + qM\ + eM^) 

(1 - q) 1 

Consistently, (4.37) reduces to (4.28) when h is set to zero. Similar relations can be 
found for chiral correlators involving higher powers of the scalar field. 


5 AGT duals of Minimal Models 

We saw before in (3.8) that for the Wilson loop to be closed the ratio of the two 
parameters of the f2-background must be the ratio of two integers. These rational 
^-backgrounds has been conjectured to be AGT dual of the minimal models [27- 
31]. In this section we collect evidence in favor of this duality. It is also possible 
to show that the insertion of a Wilson loop in the gauge partition function dual to 
the minimal model correlators is trivial since it contributes only an overall sign as a 
consequence of the rationality of the f2-background. 
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5.1 The minimal models 


We start by reviewing the results for the basic correlators on the minimal models, 
with the focus on the Ising model. Let p, q be positive co-prime integers. The 
minimal model A 4 Pjq is characterized by its Virasoro central charge 


6 (p ~ q) 2 
pq 


(5.1) 


There are (p — l)(g — l)/2 primary fields denoted as 0 mi „, m € {1,2,... ,p — 1}, 
n e {1, 2 ,..., q — 1} with conformal dimensions 


A m,n C^m,n(Q C^m,n)) 


where Q = b + 1/b, b = i\Jpfq and 


1 — m 1 — n 


Q-m.n 0 7 

Zb 


(5.2) 


(5.3) 


Note the identification (j)m,n = which reflects the symmetry of the dimen¬ 

sion (5.2) with respect to a Q — a. 

Since a primary field 4> m ,n is degenerated at the level mn , any correlation function 
including this held satisfies a linear differential equation of order mn. Thus ”in 
principle” all the correlation functions are calculable. In particular the four point 
functions including the held 0 12 or 0 2 ,i satisfy a second order differential equation 
and can be explicitly expressed in terms of hypergeometric functions. An important 
feature of the physical 4-point function in minimal models is that only a finite number 
of primary fields may appear in the intermediate channels, so the correlator is given 
by a sum (rather than an integral) of squares of the corresponding conformal blocks. 

For the sake of exemplification, here and in the following, we will focus on the 
simplest case (p, q) = (3,4) corresponding to the Ising model. In this case there are 
three spinless primaries 


° — 01,1 = 02,3 a — 01,2 = 02,2 £ — 02,1 

whose dimensions are 

A c = 0, A, = A. = I 

The non-trivial three-point structure constants are 


= 1,3 


n — n — r< — i r< — _ 

w ooo v - y crcro w eeo ^nrrp ~ 


leading to the Ising fusion rules 


crcr ~ o + £ ££ ~ o ae ~ a 


(5.4) 


(5.5) 


(5.6) 


(5.7) 
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The conformal blocks consistent with these fusion rules are given by (see e.g. [38]) 


(aaaa) 0 

(■££££) 0 
{£EO(t) 0 


y/l + y/l — z 


V2 z 1 / 8 (1 - z ) 1 / 8 

z 1 
1 — z z 
2-z 


(aacr< j) £ = 


V2 y/l-vT^ 

z 1 / 8 (1 - z)V 8 


(<JE(TE) (7 = 


1-2 z 


2 z 1 /* JT^z 


V z ( x ~ z ) 

2-z 

ooee ) 0 = 


2^ a/1 — £ 


(5.8) 


The subscripts on the l.h.s. label the operators which are exchanged. For the full 
correlators one finds 


{a a a a)) 

(<7£<7£) = 


|l + VT- 

- z\ 

+ 

h— 1 

1 

W 

1 

0 

2 

l*(l 

-^)l 1/4 


(t££££) 


|1 — 2zj 2 

4^)1 


(££<7<j) 


|1~^/2| 2 

z|V 4 |l-z 


l — z + z 2 \ 2 
|z(l — z) | 2 


(5.9) 


5.2 Degenerated states vs critical masses 

To realize the Ising model we take (p, q ) = (3,4) and 


Cl 



(5.10) 


The masses, ra*, are chosen such that the a^s in (4.20) belong to the set 





]J { Q ' Q+ \' Q+ h}j 


(5.11) 


associated to the primary fields (5.4). Without any loss in generality we can discard 
insertions of the identity operator since they lead to lower point correlators. The 
two non-trivial possibilities for the vertex insertions at position q correspond to the 
choice 


m 3 + 7714 


Cl 

C2 


0 3 = a 
0 3 = e 


(5.12) 


with arbitrary m 3 , m 2 (see (3.9) in [32]). Using (4.20) one can rewrite (5.12) as 


f Q + | 03 = Or 

l Q + ib o 3 = e 


(5.13) 


The gauge theory partition function on S' 4 is given by an integration over the vacuum 
expectation value a — a 3 — —a> 2 ■ This integration can be formally evaluated with 
the method of the residues but the number of poles is infinite. Still, as shown in [32], 
at the special values of the masses (5.12) the one loop partition function vanishes 





















and only the residue at those special values of a where two single poles collide can 
contribute. For SU( 2) this happens at two points: a = a + or a = a_ given by 


a + = —m .4 

Using (4.20), (5.13), (5.14) one finds 


or 


a_ = 


-m 3 


a + = 


OL 4 — g 

J_ 
2b 


n_ = 


«4 


Q — ( a 4 + |) 

Q — (o 4 + ^) 


0 3 = a 
0 3 = e 


(5.14) 


(5.15) 


Moreover, for a = a+, the instanton partition function receives contributions only 
from Young tableaux with a single row(column) at a + and no boxes at — a + for 
O 3 = cr(e). Similarly, for a = a_ the relevant single-row(column) tableaux are 
centered at a_. The whole instanton sum adds to a hypergeometric function [32] 


7 U{ 2 ) 

J inst,4 


— 2-Pi 


yU{2) _ p 

Anst - — 2-Cl 


VI? 


1 —5+Ai,l —5+^2 . 

2-B 19 


(5.16) 


with 


5.2.1 


0 3 — cr : A\ 

A-2 

B 

0 3 = e: A 1 
A 2 
B 


{—oil + oi 2 + a + )b = (a + — mi)ei 
(ay + a 2 + a + - Q)b = {a + - m 2 )e 1 
2 a + b = (2a + + e)e 3 

—^- 0.2 + CK_|_ (Z-|- — 777-d 

b €i 

Gy T a 2 T g_)_ — Q ci_|_ — m 2 

b €1 

2a+ 2a + “I - 6 

b €1 


(5.17) 


(5.18) 


The partition function and the four-points conformal blocks 


The critical values of the masses associated to the four-point conformal blocks of 
the Ising model are listed in Table 1. Using (5.16-5.18) one finds the U{ 2) instanton 
partition functions 


(2),inst 

(cr<T<rcr) e 

^U (2),inst 

^ {(T(T(T(y) o 

nU (2),inst 

{££££)o 

r^U (2),inst 
^ {0£0£) a 
^U (2),inst 
^ {O 0££) 0 


** (!■!■§.«) = 
2-Pi(z,f, |;g) = 


^ (-hl-lv) = 


V2 y/1- 
\/?(l - 9) 
v/l - \/l - 

1 - q + q 2 


(! -?) 


2 Fi(- 1,-|,—|,g) = (1 — 2g) 

y[/(2),inst _ 77 / 1 i 1 _ 1 

- 2-Pl (4, “I, 2,9) - 1 


(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 
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(0 1 0 2 0 3 0 A ) 0± 

± 

(^1? ^-2? ^3? ^4} 

(mi, m 2 , m 3 , m 4 ; a±) 

{aaaa) e 

+ 


( _ 2 ’ ei + 1’ _ l’ e i + 2 5 _e i _ 2 ) 

(acrcra) 0 

- 


(—f, + §, -|,ei + f; f) 

{££££) 0 

- 

2b’~2b'Q) 

( — 2 ’ e2 2 ’ _ 2 ’ e2 2 ’ 2 ) 

( 1 ?£OE) a 

+ 

(-1-hQ + i-b-l-i) 

(— 61 , e, — e 2 , e; —e) 

(aa£e) 0 

- 

,Q + 

( — 2 Al + 2’ — 2’ e 2 2’ 2 ) 

(,££Oo)o 

” 


(-§,^2 + f, -f,<r + f; |) 


Table 1 . Critical values of the masses associated to the four-point conformal blocks of the 
Ising model. 0± are the operators associated to a±. 


with the subscript indicating the dual CFT correlator. The Ising conformal blocks 
(5.8) are reproduced from (5.20-5.23) via (4.22) 


{0 1 0 2 0 3 0,)o ± = q^~ A ^ z\ 


C7(2),inst 

(0 1 0 2 030 4 )o ± 


X 


7 U (2),inst 


(l-q) a2b 

(1 -q)? 

d 3 = u 

= e 

(5.24) 

ryU (2),inst 

’ (a£cre)o_ ’ 

r^U (2),inst 
(acres) 0 + ’ 

r^U (2),inst 

(eeaa)o + 


The remaining critical partition functions Z, , 

\SSSSj 

have no counterpart in the minimal model side. Indeed, as we will see in the next 
section, they do not contribute to the gauge partition function on S 4 since the one- 
loop partition function vanishes at the corresponding critical values. 


5.2.2 The gauge partition function on S' 4 vs the four-point correlator 

For the critical choice of masses (5.13) the U( 2) gauge partition function on S' 4 (3.1) 
reduces to [32] 

yU(2) _ ✓-ir | A + —A 3 —A 4 yU{ 2) i2 , r< I A_— A 3 —A 4 yU{ 2) |2 

^{ChOiOzOi) ~ ^( 0 x 020304 ) 0+ 1 z '{O 1 0 2 O 3 O 4 )oJ 

(5.25) 

where we used (3.5) or equivalently c = g%~ A 3 _A -i to rewrite cq~ a ± = g A ±- A 3-A 4 . 
The constants C± are defined by 


yi _ -p I yone —loop 

°± — Jves a± | z, (o 1 o 2 o 3 c) 4 ) a 


(5.26) 


and can be interpreted in the dual CFT as the product of the two three-point func¬ 
tions involved in the corresponding conformal block 


C± — ^01020+^0+0304 

The ratio between the two is given by [32] 


C_ 

cl 


l{B) 7(5 - 1) 


7 (^ 1 ) 7 ( 242 ) 7 {B - Ai)'y(B - A 2 ) 


(5.27) 


(5.28) 
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with 7 ( 0 ;) 
finds 


. = r(») 
r(i-x)' 


Plugging the special values of a* from Table 1 into (5.28) one 



(crcrcrcr) (eeee) 

(aeae) 

(aaee) (eeaa) 

C-/C + 

4 oo 

0 

oo oo 


(5.29) 


Adopting the natural normalization Cqoo = 1 one gets from (5.27) the correct values 
of the Ising OPE structure constants (5.6). Thus one finds the gauge theory partition 
functions 


z u{ 2 ) 

(crcrcrcr ) 

Z U(2) : 

(sees) 


Z U{ 2 ) 

{eeacr) 

Z U( 2 ) 

(creoe) 


|1 + \/l — <?l + |1 — a/1 — Q I 

2\q\^\l-q\ 

|1 — q + q 2 1 2 

\q\ 2 \l~q\^ ] 

\l-q/2\ 2 

\q\ 1/A 

11 ~ 2g| 2 

\q\ 


(5.30) 


Notice that all formulae in the right hand side of (5.30) are well defined in the 
entire complex plane. In particular, going around q — 1 the two terms in 
get exchanged, so the relative coefficient C-/C+ = 4 is crucial to ensure the single- 
valueness of the correlator. Finally the Ising model correlators can be read from 
(5.30) after factoring out the 1/(1) contribution 


(0,0^0,) 


7 U{ 2 ) 


X 


1 -q\ 2a ^ b 

|i - q\ 6 


03 = ^ 

= e 


(5.31) 


with results in perfect agreement with (5.9). 
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